We study extended oscillatory systems that respond to uniform periodic forcing at one quarter of the forcing frequency. We find a new type of front instability where a stationary front shifting the oscillation phase by decomposes into a pair of traveling fronts each shifting the phase by ¾. The instability designates a transition from standing two-phase patterns, involving alternating domains with a phase shift of , to traveling four-phase patterns. A generalization of the instability to higher resonances is conjectured.
We analyze the decomposition instability in detail for the 4:1 resonance. Consider an extended system that is close to a Hopf bifurcation and externally forced with a frequency about four times larger than the Hopf frequency. The set of dynamical fields Ù describing the spatio-temporal state of the system (e.g. set of concentrations in the BZ reaction) can be written as Ù Ù ¼ ÜÔ´ Øµ · · , where Ù ¼ is constant, is a slowly varying complex amplitude, is the forcing frequency and the ellipses denote smaller contributions. The equation for the amplitude can be written in the following standard form (after rescaling and shifting Ö ´ µ by a constant phase) [18, 19, 20, 21] :
´ · µ ·´½ · «µ ÞÞ ´½ ¬µ ¾ · £¿ (1) where the subscripts and Þ denote partial derivatives with respect to time and space, and all the parameters are real. The proximity to the Hopf bifurcation implies ½. We will also be using the 
where ¼ .
II ¥ AND ¥ ¾-FRONT SOLUTIONS
Consider first the gradient version of Eq. Consider now the nongradient system (2). The main effect of small nongradient terms is to make the ¾-fronts traveling. The nongradient terms have no effect on the -fronts which remain stationary. To 
III THE DECOMPOSITION INSTABILITY
The -fronts (4) are similar to the stationary -front in the 2:1 resonance and like the latter become unstable as the forcing strength is decreased. Stability analysis of the -fronts indicates that the instability occurs at ½ ¿. The nature of the instability, however, is quite different from the NIB pitchfork bifurcation. It is a degenerate instability leading to asymptotic solutions that are not smooth continuations of the unstable stationary -fronts. Figure 2 (left) shows a space-time plot of Ö ´ µ obtained by numerical solution of Eq. (1). The initial unstable -front decomposes into a pair of ¾-fronts traveling to the right or to the left depending on initial conditions. Along with the -front decomposition an intermediate phase state (the grey domain) appears. This behavior is found arbitrarily close to the instability point, and in this sense the new solutions are not smooth continuations of the -front solution.
To demonstrate the decomposition instability in a reaction-diffusion system we show in Fig. 2 
where Ù and Ú are corrections of order . Equations of motion for Ü ½ and Ü ¾ or for and follow by inserting these forms in Eqs. (5) and applying solvability conditions at order :
Typical forms of the potential Î for positive and negative values of ½ ¿ are shown in Fig. 3 . The degeneracy of solutions at ½ ¿ is lifted by adding higher order terms to the amplitude equation (2) . These terms are smaller by a factor of ½ than the terms appearing in (2) and their effect is noticeable only in a -neighborhood of ½ ¿. Apart from this small parameter range the overall behavior does not change [24] .
Numerical studies of amplitude equations for higher resonances suggest the existence of -front decomposition instabilities in ¾Ò ½ resonances with Ò ½. We refer the reader to Ref. [24, 25] for demonstrations of decompositions instabilities within the 6:1 and 8:1 resonances.
IV THE DECOMPOSITION INSTABILITY AND PATTERN DYNAMICS
The implications of the decomposition instability on pattern dynamics follow from the potentials drawn in Fig. 3 and from Eq. (8). For ½ ¿ ( ¼) the potential has a single minimum.
¾-
fronts attract one another and collapse into stationary -fronts. As a result standing two-phase patterns are stable. When is decreased below 1/3 ( ¼) the potential acquires a single maximum and ¾-fronts repel one another. Since ¾-fronts travel, standing two-phase patterns destabilize into four-phase traveling waves. Figure 4 shows the destabilization of a four-phase spiral wave back into a standing twophase pattern as is increased past 1/3. The destabilization begins at the spiral core where ¾-front interactions are strongest.
